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Definition of a Subspace

Definition

A non-empty subset W of Rn is called a subspac if it is closed
under:

1 Vector addition: For all u, v ∈ W , u+ v ∈ W

2 Scalar multiplication: For all u ∈ W and c ∈ R, cu ∈ W
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Important Consequence of Subspace Definition

Zero Vector Requirement

Every subspace must contain the zero vector 0!

Proof.

Since W is non-empty, choose any u ∈ W .

By scalar multiplication property, for c = 0:

0 · u = 0 ∈ W

Quick Check

Is W = {(x , y) ∈ R2 : y = x + 1} a subspace?

Contains (0, 1) but not (0, 0)

Therefore, not a subspace!
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Examples of Subspaces in R2

Lines through origin

W = {tv : t ∈ R} for any fixed
v ̸= 0

x-axis: {(x , 0) : x ∈ R}
y -axis: {(0, y) : y ∈ R}
Line y = 2x :
{(t, 2t) : t ∈ R}

Trivial subspaces

{0} - zero subspace

R2 itself

Non-examples

Lines not through origin

First quadrant

Circles or curves
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Examples of Subspaces in R3

Common subspaces in R3

Lines through origin: {tv : t ∈ R}
Planes through origin: {su+ tv : s, t ∈ R} for independent
u, v

Specific examples:

x-axis: {(t, 0, 0)}
xy -plane: {(x , y , 0)}
Plane z = 0

Plane x + y + z = 0

Non-examples:

Plane z = 1

Unit sphere

First octant
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Visualizing Subspaces: Plane x + y + z = 0 in R3

Figure: Plane x + y + z = 0

Properties Demonstrated

Contains 0

Closure Properties

v1 + v2 in plane

−1.5v1 in plane
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Visualizing Subspaces: Plane x + y + z = 0 in R3

Figure: Plane z = 1
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Subspace Example 1
The xy-plane (All vectors with z = 0)

Set:

W1 =


xy
0

 ∣∣∣∣∣∣ x , y ∈ R

 ⊆ R3

Check subspace conditions:

1. Zero vector:

00
0

 ∈ W1 (take x = 0, y = 0)

2. Closed under addition:

u =

x1y1
0

 , v =

x2y2
0

 ∈ W1

u+ v =

x1 + x2
y1 + y2

0

 ∈ W1 ✓

3. Closed under scalar multiplication:

cu =

cx1cy1
0

 ∈ W1 ✓

∴ W1 is a subspace of R3
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Subspace Example 2
Line through origin along vector (1, 1, 1)

Set:

W2 =


tt
t

 ∣∣∣∣∣∣ t ∈ R

 = span


11
1

 ⊆ R3

Check subspace conditions:

1. Zero vector: t = 0 ⇒

00
0

 ∈ W2

2. Closed under addition:

u =

t1t1
t1

 , v =

t2t2
t2

 ∈ W2

u+ v =

t1 + t2
t1 + t2
t1 + t2

 ∈ W2 ✓

3. Closed under scalar multiplication:

cu =

ct1ct1
ct1

 ∈ W2 ✓

∴ W2 is a subspace of R3
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Non-Example: What is NOT a Subspace?
The union of two lines through origin

Set:

W3 =


t0
0

 ∣∣∣∣∣∣ t ∈ R

 ∪


0s
0

 ∣∣∣∣∣∣ s ∈ R


(x-axis y-axis in the xy-plane)

Why it fails:

u =

10
0

 ∈ W3, v =

01
0

 ∈ W3

u+ v =

11
0

 /∈ W3

(Not on either axis!)

Not closed under addition → Not a subspace.
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Definition of Linear Independence

Definition (Standard Definition)

Vectors v1, v2, . . . , vk in Rn are linearly independent if the only
solution to

c1v1 + c2v2 + · · ·+ ckvk = 0

is c1 = c2 = · · · = ck = 0.

Definition (Alternative Definition)

The vectors are linearly independent if no vector can be written as
a linear combination of the others.

Interpretation

In R2: Two vectors are independent iff they’re not collinear.
In R3: Three vectors are independent iff they’re not coplanar.
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How to Check Linear Independence

[Matrix Method] To check if vectors v1, v2, . . . , vk are
independent:

1 Form matrix A with vectors as columns

2 Find rank(A) (or RREF)

3 If rank(A) = k, vectors are independent

4 If rank(A) < k, vectors are dependent

[Determinant Method for n × n matrices] For n vectors in Rn:

Form n × n matrix with vectors as columns

Compute determinant

det ̸= 0 ⇐⇒ vectors are independent
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Example 1: R2 Independence Check

Example

Check if v1 = (1, 2) and v2 = (3, 4) are linearly independent.

Solution:
Method 1: Form matrix and find determinant

A =

(
1 3
2 4

)
det(A) = (1)(4)− (3)(2) = 4− 6 = −2 ̸= 0

Conclusion

Since det(A) ̸= 0, the vectors are linearly independent.
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Example 2: R3 Independence Check

Example

Determine if v1 = (1, 0, 1), v2 = (2, 1, 3), v3 = (1, 1, 2) are
independent.

Solution: Form matrix A and find RREF:

A =

1 2 1
0 1 1
1 3 2

 RREF−−−→

1 0 −1
0 1 1
0 0 0


Conclusion

rank(A) = 2 < 3 =⇒ vectors are linearly dependent.

Note: v3 = v2 − v1
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Practice Problem 1

Problem

For what value(s) of h are the vectors v1 = (1, 2, 3), v2 = (2, 4, 6),
and v3 = (1, h, 5) linearly dependent?

Solution:
Notice v2 = 2v1, so v1 and v2 are dependent

For all three to be dependent, v3 must be in span{v1, v2} = span{v1}
This means v3 = tv1 for some t

(1, h, 5) = t(1, 2, 3) =⇒ 1 = t, h = 2t = 2, 5 = 3t = 3 (contradiction!)

Therefore, no value of h makes them dependent!

Key Insight

Since v1 and v2 are already dependent, any set containing them is
dependent regardless of v3!
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Practice Problem 2

Problem

Prove that if {u, v,w} is linearly independent in R3, then
{u+ v, v +w,w + u} is also linearly independent.

Solution:

Assume c1(u+ v) + c2(v +w) + c3(w + u) = 0
Rearranging: (c1 + c3)u+ (c1 + c2)v + (c2 + c3)w = 0

Since {u, v,w} independent:


c1 + c3 = 0

c1 + c2 = 0

c2 + c3 = 0
Solving: From first two, c3 = −c1 and c2 = −c1
Third: (−c1) + (−c1) = −2c1 = 0 =⇒ c1 = 0
Then c2 = 0, c3 = 0

Conclusion

The only solution is trivial, so the new set is independent!

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence



Subspaces in Euclidean Spaces Linear Independence Practice Problems

Practice Problem 2

Problem

Prove that if {u, v,w} is linearly independent in R3, then
{u+ v, v +w,w + u} is also linearly independent.

Solution:

Assume c1(u+ v) + c2(v +w) + c3(w + u) = 0

Rearranging: (c1 + c3)u+ (c1 + c2)v + (c2 + c3)w = 0

Since {u, v,w} independent:


c1 + c3 = 0

c1 + c2 = 0

c2 + c3 = 0
Solving: From first two, c3 = −c1 and c2 = −c1
Third: (−c1) + (−c1) = −2c1 = 0 =⇒ c1 = 0
Then c2 = 0, c3 = 0

Conclusion

The only solution is trivial, so the new set is independent!

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence



Subspaces in Euclidean Spaces Linear Independence Practice Problems

Practice Problem 2

Problem

Prove that if {u, v,w} is linearly independent in R3, then
{u+ v, v +w,w + u} is also linearly independent.

Solution:

Assume c1(u+ v) + c2(v +w) + c3(w + u) = 0
Rearranging: (c1 + c3)u+ (c1 + c2)v + (c2 + c3)w = 0

Since {u, v,w} independent:


c1 + c3 = 0

c1 + c2 = 0

c2 + c3 = 0
Solving: From first two, c3 = −c1 and c2 = −c1
Third: (−c1) + (−c1) = −2c1 = 0 =⇒ c1 = 0
Then c2 = 0, c3 = 0

Conclusion

The only solution is trivial, so the new set is independent!

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence



Subspaces in Euclidean Spaces Linear Independence Practice Problems

Practice Problem 2

Problem

Prove that if {u, v,w} is linearly independent in R3, then
{u+ v, v +w,w + u} is also linearly independent.

Solution:

Assume c1(u+ v) + c2(v +w) + c3(w + u) = 0
Rearranging: (c1 + c3)u+ (c1 + c2)v + (c2 + c3)w = 0

Since {u, v,w} independent:


c1 + c3 = 0

c1 + c2 = 0

c2 + c3 = 0

Solving: From first two, c3 = −c1 and c2 = −c1
Third: (−c1) + (−c1) = −2c1 = 0 =⇒ c1 = 0
Then c2 = 0, c3 = 0

Conclusion

The only solution is trivial, so the new set is independent!

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence



Subspaces in Euclidean Spaces Linear Independence Practice Problems

Practice Problem 2

Problem

Prove that if {u, v,w} is linearly independent in R3, then
{u+ v, v +w,w + u} is also linearly independent.

Solution:

Assume c1(u+ v) + c2(v +w) + c3(w + u) = 0
Rearranging: (c1 + c3)u+ (c1 + c2)v + (c2 + c3)w = 0

Since {u, v,w} independent:


c1 + c3 = 0

c1 + c2 = 0

c2 + c3 = 0
Solving: From first two, c3 = −c1 and c2 = −c1

Third: (−c1) + (−c1) = −2c1 = 0 =⇒ c1 = 0
Then c2 = 0, c3 = 0

Conclusion

The only solution is trivial, so the new set is independent!

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence



Subspaces in Euclidean Spaces Linear Independence Practice Problems

Practice Problem 2

Problem

Prove that if {u, v,w} is linearly independent in R3, then
{u+ v, v +w,w + u} is also linearly independent.

Solution:

Assume c1(u+ v) + c2(v +w) + c3(w + u) = 0
Rearranging: (c1 + c3)u+ (c1 + c2)v + (c2 + c3)w = 0

Since {u, v,w} independent:


c1 + c3 = 0

c1 + c2 = 0

c2 + c3 = 0
Solving: From first two, c3 = −c1 and c2 = −c1
Third: (−c1) + (−c1) = −2c1 = 0 =⇒ c1 = 0

Then c2 = 0, c3 = 0

Conclusion

The only solution is trivial, so the new set is independent!

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence



Subspaces in Euclidean Spaces Linear Independence Practice Problems

Practice Problem 2

Problem

Prove that if {u, v,w} is linearly independent in R3, then
{u+ v, v +w,w + u} is also linearly independent.

Solution:

Assume c1(u+ v) + c2(v +w) + c3(w + u) = 0
Rearranging: (c1 + c3)u+ (c1 + c2)v + (c2 + c3)w = 0

Since {u, v,w} independent:


c1 + c3 = 0

c1 + c2 = 0

c2 + c3 = 0
Solving: From first two, c3 = −c1 and c2 = −c1
Third: (−c1) + (−c1) = −2c1 = 0 =⇒ c1 = 0
Then c2 = 0, c3 = 0

Conclusion

The only solution is trivial, so the new set is independent!

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence



Subspaces in Euclidean Spaces Linear Independence Practice Problems

Practice Problem 2

Problem

Prove that if {u, v,w} is linearly independent in R3, then
{u+ v, v +w,w + u} is also linearly independent.

Solution:

Assume c1(u+ v) + c2(v +w) + c3(w + u) = 0
Rearranging: (c1 + c3)u+ (c1 + c2)v + (c2 + c3)w = 0

Since {u, v,w} independent:


c1 + c3 = 0

c1 + c2 = 0

c2 + c3 = 0
Solving: From first two, c3 = −c1 and c2 = −c1
Third: (−c1) + (−c1) = −2c1 = 0 =⇒ c1 = 0
Then c2 = 0, c3 = 0

Conclusion

The only solution is trivial, so the new set is independent!

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence



Subspaces in Euclidean Spaces Linear Independence Practice Problems

Practice Problem 3

Problem

Find all vectors in R3 that are orthogonal to both (1, 1, 0) and
(1, 0, 1).

Solution:

Let (x , y , z) be such a vector

Orthogonal to (1, 1, 0): x + y = 0 =⇒ y = −x

Orthogonal to (1, 0, 1): x + z = 0 =⇒ z = −x

Vector form: (x ,−x ,−x) = x(1,−1,−1)

Answer

All vectors of the form t(1,−1,−1) where t ∈ R. This is a line
through the origin (a 1-dimensional subspace).
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Let (x , y , z) be such a vector

Orthogonal to (1, 1, 0): x + y = 0 =⇒ y = −x

Orthogonal to (1, 0, 1): x + z = 0 =⇒ z = −x

Vector form: (x ,−x ,−x) = x(1,−1,−1)

Answer

All vectors of the form t(1,−1,−1) where t ∈ R. This is a line
through the origin (a 1-dimensional subspace).

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence



Subspaces in Euclidean Spaces Linear Independence Practice Problems

Practice Problem 3

Problem

Find all vectors in R3 that are orthogonal to both (1, 1, 0) and
(1, 0, 1).

Solution:

Let (x , y , z) be such a vector

Orthogonal to (1, 1, 0): x + y = 0 =⇒ y = −x

Orthogonal to (1, 0, 1): x + z = 0 =⇒ z = −x

Vector form: (x ,−x ,−x) = x(1,−1,−1)

Answer

All vectors of the form t(1,−1,−1) where t ∈ R. This is a line
through the origin (a 1-dimensional subspace).

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence



Subspaces in Euclidean Spaces Linear Independence Practice Problems

Practice Problem 3

Problem

Find all vectors in R3 that are orthogonal to both (1, 1, 0) and
(1, 0, 1).

Solution:

Let (x , y , z) be such a vector

Orthogonal to (1, 1, 0): x + y = 0 =⇒ y = −x

Orthogonal to (1, 0, 1): x + z = 0 =⇒ z = −x

Vector form: (x ,−x ,−x) = x(1,−1,−1)

Answer

All vectors of the form t(1,−1,−1) where t ∈ R. This is a line
through the origin (a 1-dimensional subspace).

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence



Subspaces in Euclidean Spaces Linear Independence Practice Problems

Practice Problem 3

Problem

Find all vectors in R3 that are orthogonal to both (1, 1, 0) and
(1, 0, 1).

Solution:

Let (x , y , z) be such a vector

Orthogonal to (1, 1, 0): x + y = 0 =⇒ y = −x

Orthogonal to (1, 0, 1): x + z = 0 =⇒ z = −x

Vector form: (x ,−x ,−x) = x(1,−1,−1)

Answer

All vectors of the form t(1,−1,−1) where t ∈ R. This is a line
through the origin (a 1-dimensional subspace).

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence



Subspaces in Euclidean Spaces Linear Independence Practice Problems

Practice Problem 3

Problem

Find all vectors in R3 that are orthogonal to both (1, 1, 0) and
(1, 0, 1).

Solution:

Let (x , y , z) be such a vector

Orthogonal to (1, 1, 0): x + y = 0 =⇒ y = −x

Orthogonal to (1, 0, 1): x + z = 0 =⇒ z = −x

Vector form: (x ,−x ,−x) = x(1,−1,−1)

Answer

All vectors of the form t(1,−1,−1) where t ∈ R. This is a line
through the origin (a 1-dimensional subspace).

AH Sheikh QUEST - Spring 2026

Subspaces and Linear Independence


	Subspaces in Euclidean Spaces
	Linear Independence
	Practice Problems

